In an effort to extend the theory of algebraic geometry over groups beyond free groups, Duncan, Kazatchkov and Remeslennikov have studied the notion of centraliser dimension for free partially commutative groups. In this paper we consider the centraliser dimension of free partially commutative nilpotent groups of class 2, showing that a free partially commutative nilpotent group of class 2 with non-commutation graph has the same centraliser dimension as the free partially commutative group represented by the non-commutation graph .
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VIKKI A. BLATHERWICK 2. Preliminaries. In this section, we introduce some preliminary definitions which we will use throughout the paper. For further information on nilpotent groups the reader is referred to the texts by Hall [7] and Neumann [14] .
Let G be a group. The commutator of two elements g 1 , g 2 ∈ G is denoted by
For H, K subgroups of G, we let [H, K] denote the subgroup of G generated by all commutators of the form [h, k] for some h ∈ H, k ∈ K. A group G is nilpotent of class 2 if it has a central series of length 2, and no central series of G has shorter length. In particular, the lower central series of G is finite of length 2:
Therefore a group G is nilpotent of class 2 if and only if [[G, G], G] = 1 and [G, G] = 1.
In particular we may note that [g, h] is in the centre of G for all elements g, h ∈ G. This definition may be further refined to show that if G has presentation G = X|R , then G is nilpotent of class 2 if and only if G is non-abelian and [ [x, y] , z] = 1 for all x, y, z ∈ X. Thus a free nilpotent group of class 2 has presentation
G = X|{[[x, y], z] : x, y, z ∈ X} .
A group G is said to be (free) partially commutative if it has a presentation G = X|R such that R ⊆ {[x, y] : x, y ∈ X}.
Further information on this class of groups may be found in [4] , [5] and [6] . We say G is a (free) partially commutative nilpotent group of class 2 if G = X|R where
In both of these cases, we define the non-commutation graph, (G), of G to be the graph with vertex set X, and with an edge connecting vertices x i and x j if and only if [x i , x j ] ∈ R.
Powers and Roots of Group Elements.
Every element g of the free nilpotent group of class 2 and rank n, 
for some r i , s i,j ∈ ‫ޚ‬ (see Hall [8] for further details). 
For k ∈ ‫,ޚ‬ the kth power of g has normal form
Proof. Let G = X|R G be the free nilpotent group of class 2 generated by the set X, and let
Note that R is a subset of the centre of G , and therefore the subgroup, N, of G generated by R is a normal subgroup of G . By Von Dyck's Theorem, there exists an epimorphism, φ : G → G such that φ fixes every x ∈ X, and ker(φ) = N, the normal closure of R .
Since G is a nilpotent group of class 2, every element of G may be written in the form (1) . In addition, for each commutator [x i , x j ] ∈ R we may set s i,j = 0, since [x i , x j ] = 1. Therefore every element g in G may be written in the form
for some r i , s i,j ∈ ‫.ޚ‬ It remains to show that this is a unique form for elements of G. Let
be elements of G written in the form (2) . We wish to write the element gh in the form (2). First we note that for any group H, and for any two elements a and b of H, we have the relation
Now suppose that a and b are elements of G. Since G is a nilpotent group of class 2, we may use the above relation to see that
for all r, s ∈ ‫.ގ‬ Further note that
and similarly that [a
. Therefore, for all r, s ∈ ‫ގ‬ and all ε, δ ∈ {−1, 1}, the relation
holds in G.
We now use this relation to rearrange elements of our group G into the form (2) . For all i ∈ {1, 2, . . . , n − 1} and all j ∈ {i + 1, i + 2, . . . , n}, we see that . . . x r n +r n n
Note that this is in form (2) . Now let k ∈ ‫ޚ‬ and consider the element g k . We wish to show that
for all integers k. We begin with the case where k is a positive integer, and assume that g k may be written in the above form, which is clearly true for k = 1. Noting that g k+1 = g k g, we may apply our earlier result for products to see that,
Therefore, by induction, g k is of the required form for all positive integers k. The result also clearly holds for k = 0. Now let k = −1. Using our earlier technique for rearranging group elements, we see that
and therefore the result holds for k = −1. Finally note that for any positive integer k, we have
and therefore g k is of the required form for all integers k. Now suppose that g = h in G, so that
Recall that there exists an epimorphism φ :
where N is the subgroup of G generated by R . This implies that the inverse image of
Since φ(gh −1 ) = gh −1 = 1, this implies that the relation
holds in the group G for some t i,j ∈ ‫.ޚ‬ By the uniqueness of the normal form for G , this implies (i) r i − r i = 0 for all i ∈ {1, 2, . . . , n}; and (ii) s i,j − s i,j − r i r j + r i r j = 0 for all 1 i < j n such that [x i , x j ] ∈ R . Therefore r i = r i for all i ∈ {1, 2, . . . , n} and s i,j = s i,j for all 1 i < j n such that [x i , x j ] ∈ R . This implies that (2) is a unique normal form for elements of a partially commutative nilpotent group of class 2.
Let g, h be elements of G. If g and h are both (positive) powers of some common element, then clearly there exist positive integers
We now show that the converse is also true.
LEMMA. Let g, h be elements of G. For any k
Proof. Let
We may assume without loss of generality that k 1 k 2 . Note that if k 1 = k 2 then r i = r i for all i ∈ {1, 2, . . . , n}, and further
It remains to consider the possibility that (k 1 , k 2 ) = 1. In this case, k 1 divides r i and k 2 divides r i for all i ∈ {1, 2, . . . , n}.
Suppose k 2 is odd. For some t i ∈ ‫ޚ‬ we have
Now for
Therefore, g = (g ) k 2 for some element g of G if and only if there exist integers u i,j such that
We may rearrange equation (3) to give
Since k 2 is odd, k 2 − 1 is even, which together with the fact k 2 divides r i for all i ∈ {1, 2, . . . , n}, implies that k 2 divides k 1 s i,j . Since k 1 and k 2 are coprime, this implies that k 2 divides s i,j . Therefore
Since (k 1 , k 2 ) = 1 implies that at least one of k 1 , k 2 is odd, if k 1 and k 2 are coprime, g, h must both be powers of a common element.
We have thus established that for any k 1 , k 2 ∈ ‫,ގ‬ if g k 1 = h k 2 then g and h are both powers of a common element.
We say h is an (nth) root of g if there exists a positive integer n such that h n = g. We call h a least root of g if g = h n for some n ∈ ‫,ގ‬ and for every w ∈ G such that w m = g for some m ∈ ‫ގ‬ we have m|n and w = h n m .
LEMMA. Every element g ∈ G has a unique least root.
be normal forms for elements g, h ∈ G. Notice that if g has a least root, it must be unique, since we have already shown that if u k = v k for elements u, v of G then u = v. We now show that every element g of G has a least root.
First, we note that h m = g implies that: (i) r i = mr i for all i ∈ {1, 2, . . . , n}; and, (ii) for all 1 i < j n such that [x i , x j ] = 1, we have
Let the greatest common divisor of r 1 , r 2 , . . . , r n be k. If k = 1, then g is its own least root. If k is greater than one, let d be the greatest divisor of k such that there exist integers u i,j satisfying
In other words, let d be the greatest divisor of k such that
and h is its own least root by definition of d. Now, for any root w of g, we have g = w r = h d for some r ∈ ‫,ޚ‬ so that w and h are both powers of some common element. Since h is its own least root, this means that h must be a root of w,
Therefore h is a least root of g.
4.
Centralisers. Let S be a subset of a group G. The centraliser of S in G is denoted by
The centre of G is denoted by Z(G).
Let G be a partially commutative nilpotent group of class 2,
and let g, h be elements of G:
Note that
Therefore g commutes with h precisely when r i r j = r i r j for all i, j such that 1 i < j n and [x i , x j ] = 1, and the centraliser of g in G is
We may note that r i r j = r i r j if and only if:
In the case where g is a generator, say g = x k for some k ∈ {1, 2, . . . , n}, we have
Returning to the general case, we define the set A g = {x i |r i = 0}, and split A g into distinct subsets A g,1 , A g,2 , . . . , A g,q , such that two distinct elements x i , x j ∈ A g are in the same subset if and only if either:
Recall that the non-commutation graph of a partially commutative nilpotent group H = X|R is the graph with vertex set X, and with an edge connecting vertices x i and x j if and only if [x i , x j ] ∈ R. Therefore the A g,i correspond to the vertex sets of the connected components of non-commutation graph ( A g ).
Note that h is an element of the centraliser C G (g) if and only if:
and therefore there exists k ∈ ‫ޑ‬ such that r i j = kr i j for all j ∈ {1, 2, . . . , p}. We may now write C G (g) in the following fashion:
In the case where G is a free nilpotent group of class 2, this simplifies to
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Returning to the general case, notice that, by definition, the distinct A g,i commute pairwise. This allows us to rewrite g in the form, 
n , and note that
Further note that we may rewrite the centraliser C G (g) in the following fashion
From this, we can see that
Conversely, if h commutes with u i for all i ∈ {1, 2, . . . , q}, then h commutes with
Note in particular that this implies C G (g m ) = C G (g) for all non-zero integers m. We now wish to consider centralisers of subsets of G. For each α ∈ {1, 2, . . . , p}, let
Centraliser Dimension.
Let G be a group. The centraliser dimension, cdim(G), of G is the maximum length of a strict chain of centralisers of subsets of G. Where no finite maximum exists, G is said to have infinite centraliser dimension. Thus if G had a strict centraliser chain of length n,
Suppose G is free nilpotent of class 2;
Then the centre of G is
Let g 1 , g 2 be elements of G, where each g α has normal form
The centraliser of g 1 in G is
Thus the length of a centraliser chain can be no greater than two. For any g ∈ G which is not an element of the centre of G we have a maximal chain and the centraliser dimension of a free nilpotent group, G, of class 2 is two. In [5] it is shown that the centraliser dimension of a partially commutative group G = X|R is equal to the maximum possible length of a strictly descending chain of centralisers of subsets of X. We will now show that this is also the case for partially commutative nilpotent groups of class 2.
PROPOSITION. Let G = X|R be a partially commutative nilpotent group of class 2. Then the centraliser dimension of G is finite. Further, if cdim(G) = d then there exist elements
is a centraliser chain in G.
be a centraliser chain in G. We wish to show that this implies there exist elements
is a centraliser chain in G. Let X = {x 1 , x 2 , . . . , x n }, and for each α ∈ {1, 2, . . . , d}, let g α have normal form
We now rewrite each g α in the form
Further, for each i ∈ {1, 2, . . . , q α }, we let c α,i be the greatest common divisor of t α,i,1 , t α,i,2 , . . . , t α,i,n , and let
where t α,i,j = t α,i,j c α,i for all j ∈ {1, 2, . . . , n}. Recall that for elements written in this form,
By (4), which implies that
Therefore there exists some k ∈ {1, 2, . . . , q α } such that
Reorder the v α,i as necessary so that k = 1. Noting that C G (g α ) ⊆ C G (v α,1 ), we may deduce that
Further note that,
for all i ∈ {α, α + 1, . . . , d}, and therefore the chain (4) implies that
for all j ∈ {α + 1, 
and g i ∈ C for all i ∈ {1, 2, . . . , d }. Note that if we can replace g i with an element of X for each i ∈ {1, 2, . . . , d } so that this chain still holds, then it is certainly true for the shorter chain (4). Therefore we may assume that there exists no α ∈ {1, 2, . . . , d} such that g α ∈ C G (g 1 , g 2 , . . . , g d ) .
We now have a centraliser chain
where, for all α ∈ {1, 2, . . . , d},
n , with r α,i and r α,j both non-zero only if either α,1 , r α,2 , . . . , r α,n are coprime, and therefore g α is a least root; and,
For each α ∈ {1, 2, . . . , d}, define β α ∈ {1, 2, . . . , d} to be minimal such that g α ∈ C G (g 1 , g 2 , . . . , g β α ) .
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089508004187 Downloaded from https://www.cambridge.org/core. IP address: 54.70.40.11, on 28 Jan 2020 at 03:18:38, subject to the Cambridge Core terms of use, available at Suppose that for some α ∈ {2, 3, . . . , d} we have β α = β > α + 1 and g α ∈ X ±1 . Since g α is a least root, the condition that g α ∈ X ±1 implies that there exist i 1 , i 2 ∈ {1, 2, . . . , n} such that r α,i 1 α,1 , t α,2 , . . . , t α,n are coprime, and therefore w α is a least root; and,
and let c be the greatest common divisor of t α,1 , t α,2 , . . . , t α,n . If we let t α,i be such that t α,i = ct α,i for all i ∈ {1, 2, . . . , n}, then w α satisfies the required conditions. We have chosen our definition of w α such that (i) A w α = A g α ; and, (ii) g α ∩ w α = 1. Further note that g α is an element of C G (g 1 , g 2 , . . . , g β−1 ), but fails to commute with w α , and therefore C G (g 1 , g 2 , . . . , g β−1 ) C G (g 1 , g 2 , . . . , g β−1 , w α ).
Now note that
and, since
Further g α ∩ w α = 1 implies that
Note, too, that since g α and g β do not commute, we must have
We now combine these results to see that
and therefore,
Note that this implies that
for all i ∈ {β + 1, β + 2, . . . , d}, and further the strictness of chain (4) implies that
and therefore
for all i ∈ {β, β + 1, . . . , d − 1}. We may therefore replace g β with w α in the chain (4). For p ∈ {α, α + 1, . . . , β − 1}, note that
Since (4) is a strict centraliser chain, so is the chain
is a strict centraliser chain of length d, and further β α = α + 1.
We apply this process to each such α, in numerical order, to obtain a chain (4) with the property that, for all α ∈ {1, 2, . . . , d}, either g α ∈ X ±1 or β α α + 1. Note that if g α ∈ X −1 then we may replace g α with g
Therefore we may further assume that our chain (4) has the property that, for all α ∈ {1, 2, . . . , d}, either g α ∈ X or β α α + 1.
Suppose g α ∈ X, with g j ∈ X for all j < α. We have two possibilities for the value of β α :
(1) β α < α + 1 Note that since C G (g 1 , g 2 , . . . , g α−1 ) and C G (g 1 , g 2 , . . . , g α ) are distinct, there must exist some u ∈ G such that [u, g i ] = 1 for all i ∈ {1, 2, . . . , α − 1} and [u, g α ] = 1. Further, [u, g α ] = 1 implies that there exists some k ∈ {1, 2, . . . , n} such that r α,k = 0 and [u, x k ] = 1. Therefore C G (g 1 , g 2 , . . . , g α−1 ) C G (g 1 , g 2 , . . . , g α−1 , x k ) .
Therefore, since β α < α + 1 implies that g α is not an element of the centraliser
. . , g α ), we have
We have now shown that
Note that if
contradicting the strictness of chain (4). We may therefore replace g α by the generator x k , so that (4) is a strict centraliser chain of length d such that g i is an element of X for all i ∈ {1, 2, . . . , α}.
Note further that
Note, in a similar fashion to case (1) , that the strictness of (4) for all i ∈ {α + 1, α + 2, . . . , d − 1}. We may therefore replace the existing g α and g α+1 by x k and x l respectively to give a chain (4) for which g i ∈ X for all i ∈ {1, 2, . . . , α}. Repeat for each α such that g α ∈ X.
We have now shown that for any strict centraliser chain in G of finite length, d, there exist generators x i 1 , x i 2 , . . . , x i d of X such that This implies that the centraliser dimension of G is bounded above by |X|, and is therefore finite. Further there exist cdim(G) generators in X which give a maximal chain.
Recall that the non-commutation graph of a partially commutative or partially commutative nilpotent group G = X|R is the graph with vertex set X, and with an edge connecting x i and x j if and only if [x i , x j ] ∈ R.
THEOREM. Let G = x 1 , x 2 , . . . , x n |R be a partially commutative nilpotent group of class 2, with non-commutation graph . Let G = x 1 , x 2 , . . . , x n |R be the partially commutative group with non-commutation graph . Then cdim(G) = cdim(G ).
Proof.
(1) Let C G (x i 1 , x i 2 , . . . , x i m ) C G (x i 1 , x i 2 , . . . , x i m+1 ) for some elements x i j ∈ {x 1 , x 2 , . . . , x n } and some m 0. This implies that there exists some g ∈ G such that (i) [g, x i j ] G = 1 for all 1 j m; and, (ii) [g, x i m+1 ] G = 1. In [6] , it is shown that if H is a free partially commutative group and x, h ∈ H with x a generator, then we have 
